Cold dark matter (CDM) is a well established paradigm to describe cosmological structure formation, and works extraordinarily well on large, linear, scales. Progressing further in dark matter physics requires being able to understand structure formation in the non-linear regime, both for CDM and its alternatives. This short note describes a calculation, and accompanying code, WARMANDFUZZY, incorporating the popular models of warm and fuzzy dark matter (WDM and FDM) into the standard halo model to compute the non-linear matter power spectrum. The FDM halo model power spectrum has not been computed before. The FDM implementation models ultralight axions and other scalar fields with m a ≈ 10 −22 eV. The WDM implementation models thermal WDM with mass m X ≈ 1 keV. The halo model shows that differences between WDM, FDM, and CDM survive at low redshifts in the quasilinear and fully non-linear regimes. The code uses analytic transfer functions for the linear power spectrum, modified collapse barriers in the halo mass function, and a modified concentration-mass relationship for the halo density profiles. Modified halo density profiles (for example, cores) are not included, but are under development. Cores are expected to have very minor effects on the power spectrum on observable scales. Applications of this code to the Lyman-α forest flux power spectrum and the cosmic microwave background lensing power spectrum will be discussed in companion papers. WARMANDFUZZY is available online at https://github.com/DoddyPhysics/HMcode, where collaboration in development is welcomed.
INTRODUCTION
Precision cosmology is all about extracting as much information as possible from cosmological observables with the dual aims of ever more accurate measurements of the parameters of the standard cosmological model, and searching for new parameters that may give clues to the fundamental theory that underpins cosmology.
On the largest scales, cosmological perturbation theory (e.g. Ma & Bertschinger 1995; Bernardeau et al. 2002) provides an accurate description of the growth of structure. It is the foundation of precision parameter estimation from the cosmic microwave background (CMB) and galaxy surveys (e.g. Planck Collaboration et al. 2015; Beutler et al. 2014 ) using publicly available Boltzmann codes such as CAMB (Lewis et al. 2000) .
In the fight against cosmic variance, we can only win by collecting more modes, which means measuring observables on ever smaller scales, where we encounter non-linearities in the density fields. In the non-linear regime one typically has to rely on computationally expensive approximations such as N-body simulations, e.g. GADGET (Springel 2005) , or field-based alternatives (Widrow & Kaiser 1993; Schive et al. 2014a ). Computing these non-linearities is already important for cosmological parameter estimation from galaxy weak lensing (e.g. Heymans et al. 2013; MacCrann et al. 2015) . It will become more important as CMB lensing moves to higher multipoles with Stage-IV CMB experiments (e.g. Wu et al. 2014) , and will be vitally important to the success of future galaxy weak lensing surveys such as Euclid (e.g. Amendola et al. 2013 ).
The so-called "halo model" of large scale structure (Seljak 2000; Peacock & Smith 2000; Cooray & Sheth 2002 ) is an important tool for computing the matter power spectrum, ∆ 2 m (k), beyond perturbation theory. Though somewhat heuristic, it is based on well-founded physical principles and provides qualitative and quantitative agreement with the results of N-body simulations (e.g. Mead et al. 2015, hereafter M15) . Being semi-analytic, it is a computationally inexpensive method to explore the effects of nonlinearities on the cosmological clustering of matter. The halo model can also be used to analytically compute things beyond the power spectrum, such as higher point statistics and halo bias, though I will not pursue such calculations here.
In this short note I explain a new code called WARMAND-FUZZY that calculates halo model power spectra in models of dark matter (DM) beyond the standard cold DM (CDM). WARMAND-FUZZY uses HMCODE by M15 (see also Mead 2015) as a base for the halo model calculation, but by default does not use the modified fit improvements of M15 as these have not been tested for WDM or FDM. 1 The two models I implement are warm DM (WDM, e.g. Bode et al. 2001 ) and "fuzzy" DM (FDM, e.g. Hu et al. 2000) . The WDM models I implement correspond to thermal relics, such as gravitinos (e.g. Pagels & Primack 1982; Bond et al. 1982) with mass m X ≈ 1 keV. 2 The FDM models I implement correspond to scalar fields non-thermally produced by vacuum realignment with mass m a ≈ 10 −22 eV, which could be axions (e.g. Arvanitaki et al. 2010; Kim & Marsh 2016; or other scalars (e.g. Frieman et al. 1995; Matos et al. 2000; Suárez et al. 2014 ). The FDM model assumes that the potential is well-approximated by m 2 a φ 2 , i.e. applies in the limit that the self-interactions are negligible in their effects on the transfer function and the halo mass function (HMF). 3 FDM self-interactions are discussed further at the end of this paper.
WARMANDFUZZY uses modifications to the linear transfer function (including power suppression), the collapse barrier in the Press & Schechter (1974) formalism for the HMF (including a halo mass dependence), and to the halo concentration parameter of Navarro et al. (1997) (NFW) halo density profiles. The ingredients of the halo model for FDM were developed in Marsh & Silk (2014) , but they have so far not been applied to an efficient calculation of ∆ 2 m (k). WARMANDFUZZY is the first attempt to calculate the halo model power for FDM, and this is the primary purpose of the code. The halo model has already been developed for WDM (Smith & Markovic 2011; Dunstan et al. 2011; Schneider et al. 2012) . The implementation in WARMANDFUZZY is somewhat simpler than these models, but it is expected to give correct results over a wide range of scales, and incorporates some different physical principles (modified barrier over fits to simulation in the HMF). I have included WDM essentially as an "added bonus" thanks to its similarity to FDM. I discuss the limitations of my modelling of FDM and WDM later and throughout this paper.
Section 2.1 presents the modified linear transfer functions used, Section 2.2 presents the modified collapse barriers, Section 2.3 presents the modified concentration-mass relationship, and Section 2.4 presents the results for the non-linear power. I discuss some limitations and the expected accuracy of WARMAND-FUZZY in Section 3, and then conclude. In Appendix A I give a brief description of the halo model as implemented in M15, used in both HMCODE and WARMANDFUZZY. I discuss the minor technicalities of WARMANDFUZZY in Appendix B.
MODIFYING THE HALO MODEL
The basic halo model used in HMCODE and WARMANDFUZZY is described in Appendix A, where I also define much of my notation.
Here, I only describe the new aspects added for FDM and WDM.
I compute the HMF for FDM and WDM using the halo model with a modified linear transfer function, and a mass-dependent modified collapse barrier in the Press & Schechter (1974) formalism for the HMF. This differs from the HMF fit provided for FDM by Schive et al. (2016) , which includes the effects of the linear transfer function, and the removal of "spurious structure" (Wang & White 2007) but does include the modified barrier effects (though it is noted that such effects become important on similar scales). 4 My approach differs from that used by many authors studying WDM (e.g Smith & Markovic 2011) , who also use by-hand cut-offs fit to simulations based on removal of spurious structure, and not the modified barrier found including thermal velocities (Barkana et al. 2001 ).
The linear theory power spectrum
By default HMCODE models the linear theory matter power spectrum for CDM (+baryons) using the analytic fit of Eisenstein & Hu (1998) . WARMANDFUZZY supplements this with two analytic fits for the relative effects of FDM (Hu et al. 2000) and WDM (Bode et al. 2001) , such that the linear power spectrum is given by:
where I have suppressed redshift dependence of P(k), and the transfer functions, T X (k), are assumed to be redshift-independent. The transfer functions are given by:
The fitting parameters are
k J,eq = 9 m a 10 −22 eV 1/2 Mpc −1 .
These transfer functions cause the linear power spectrum in FDM and WDM to be suppressed relative to CDM below a characteristic value of k. For WDM this is the free-streaming wavenumber, k fs , caused by thermal velocities. For FDM this is the scalar field Jeans wavenumber, k J , caused by the gradient energy in the Klein-Gordon equation, which manifests as an effective pressure in the fluid equations (Khlopov et al. 1985) . The FDM transfer function has a sharper cut-off than the WDM transfer function, and displays acoustic oscillations on small scales below k J,eq . Both the Jeans wavenumber and the free-streaming wavenumber increase for increasing particle mass, such that models of FDM with m a 10 −22 eV and WDM with m X 1 keV look increasingly like CDM on astrophysically observable scales.
These transfer functions apply only for DM models composed entirely of FDM or WDM. In this case the FDM transfer function matches the full Boltzmann code calculation of Hlozek et al. (2015) reasonably well, reproducing the main differences to WDM. 5
Modified collapse barriers
In spherical collapse of CDM, the critical overdensity barrier for collapse, δ crit , can be derived analytically, and is given by δ 0 crit = (3/20) × (12π) 2/3 ≈ 1.686 (e.g. Peebles 1993 ). In the Press & Schechter (1974) formalism used in the halo model, one can trivially absorb the redshift dependence of the power spectrum into the barrier:
where D(z) is the linear growth function, normalised to unity at z = 0. The barrier is effectively larger at early times, which accounts for the smaller density perturbations and the use of the power spectrum variance, σ 2 (M), fixed at z = 0. WARMANDFUZZY employs a mass-dependent critical overdensity for collapse, implemented as
where I have suppressed the particle mass, and possible redshift, dependence in G X (M). Eq. (A12) defines the HMF in the case of a mass-independent barrier. For a mass-dependent barrier, one must be more careful: the differential refers explicitly to the variance, which is compared to the barrier size. Thus the mass function in this case is defined as (see, e.g. Barkana & Loeb 2004) 
where ν = δ crit (M, z)/σ (M), and f (ν) is the Sheth & Tormen (1999) function as defined in Appendix A. The important change in the case of the mass dependent barrier is that σ and δ crit are now independent variables. The technical importance of this in terms of the one-halo term in WARMANDFUZZY is discussed in Appendix B. Note that I do not solve the excursion set problem for the modified barrier G X (M) but simply substitute the functional form into ν in the Sheth-Tormen function. Mass dependence of the barrier is expected due to scaledependent growth present in WDM and FDM. In WDM this is caused by the thermal velocities in the distribution function, which suppress the growth of perturbations on small scales. In FDM this is caused by the scalar gradient energy, or "quantum pressure," which similarly suppresses the growth of perturbations in the full nonlinear scalar field equations of motion. Barkana et al. (2001) performed spherical collapse simulations of WDM, where the thermal velocities were modelled using an effective pressure in a fluid description. These simulations gave results for the mass dependence of δ crit , for which Benson et al. (2013) provided a fitting function:
Barbieri (2006); Marsh & Ferreira (2010) for possible transfer function fits, or use an input numerical spectrum following e.g. Hlozek et al. (2015) ; Ureña-López & Gonzalez-Morales (2015) . However, note that for mixed dark matter the modified collapse barriers in WARMANDFUZZY, discussed below, will have to be further modified or also entered numerically, as in Marsh & Silk (2014); Bozek et al. (2015) .
where the auxiliary fitting functions are given by: 6
The parameter g X is the number of degrees of freedom, and is given by g X = 1.5 for a spin- M J,W is the WDM Jeans mass, and is the most important parameter in the WDM barrier fit. For M M J , G W grows as an inverse power of M, suppressing the HMF compard to CDM. For M M J , G W goes to unity exponentially, returning to CDM-like behaviour.
For the FDM barrier I use the model of Marsh & Silk (2014) . This model is based on the physical intuition that if redshift dependence of δ crit in the Press-Schechter formalism is given by D(z), then in the case of scale-dependent growth, the mass dependence can be modelled using D(z, k). I compute the appropriate growth ratio using results from linear perturbation theory from AXION-CAMB (Hlozek et al. 2015) . The growth ratio oscillates, leading to numerically sensitive features in the HMF, so I smooth the resulting function using a spline. This smoothing is purely cosmetic: the HMF in the one-halo term is integrated over mass and such features are smoothed out and do not affect ∆ 2 m (k). 7 A fit to the FDM mass-dependent barrier is given by:
where the auxiliary fitting functions are
The parameters a i were fit by least squares minimization, and were verified to be only weakly dependent on cosmology. This fit is a centrally useful result of the present work for calculating the HMF for FDM, though as we will see it has little effect on the halo model power spectrum. The FDM barrier interpolates between two exponentials around the scale of M J,F . It is thus a sharper barrier than the WDM barrier, consistent with the sharper cut-off in the linear theory transfer function, and consistent with physical expectations based on the effect of quantum pressure compared to thermal velocities.
The scalings of the FDM Jeans mass with Ω m and m a were fixed by the scaling of the linear theory Jeans scale (though they were verified in the numerical fit). Note the softer scaling of M J,F with m a compared to the scaling of M J,W with m X . This is also seen in the linear theory T X (k) cut-offs.
The WDM and FDM fits to G X (M) used in WARMAND-FUZZY aim to only capture the true behaviours for G X (M) 20 → 10 2 at relatively large masses compared to the HMF cut-off. Since the barrier appears in an exponential in the HMF, the cut-off induced by an increase in G X (M) is so dramatic that its precise value far from the cut-off is unimportant. For WDM, this was noted also by Benson et al. (2013) . This requirement makes the redshift dependence of G F (M), as calculated from the growth at z 15, unimportant for m a allowed by e.g. the CMB (Hlozek et al. 2015) . As shown below, the modified barriers, while important for the HMF at M < M J (leading to the sharp cut-offs seen in e.g. Benson et al. 2013; Marsh & Silk 2014) , they have relatively little effect on the power spectrum on observable scales.
Concentration-mass relationship
HMCODE uses the CDM concentration-mass relationship, c(M), for NFW halo density profiles of Bullock et al. (2001) , given here in Eq. (A20). Schneider et al. (2012) found, from N-body simulations of WDM, the fitting formula:
where the fitting parameters are γ 1 = 15, γ 2 = 0.3, and M 1/2 is the "half-mode mass:"
defined from the wavenumber k 1/2 , such that T W (k 1/2 ) = 0.5.
Note that in order to use the fitting formula Eq. (20), c CDM (M) in WARMANDFUZZY is computed using the CDM linear power. This accounts for an observed increase in the halo concentration for WDM halos compared to the expectation using the WDM linear variance and the model of Bullock et al. (2001) (the concentration is still reduced compared to CDM). The same should conceivably be true for FDM, given the qualitative similarities to WDM (e.g. N-body simulations of Schive et al. 2016; Sarkar et al. 2016) . In WARMANDFUZZY I use Eq. (20) also for FDM, with k 1/2,F = 0.5k J,eq m −1/18 22 (Hu et al. 2000) . Schneider et al. (2012) observed that the most important effect of using a different c(M) was on the shape of the power near the WDM cut-off. This leads to the power at z = 0 being increased by around 10% in the range 1 [k/(h Mpc −1 )] 10 compared to using the Bullock et al. (2001) c(M). The increase in power, arising from the increase in halo concentration, leads to better agreement with N-body simulations. Fig. 1 shows the non-linear (NL) power spectra, ∆ 2 m (k), and power ratios relative to CDM:
The Non-linear Power Beyond CDM
in the redshift range z ∈ [0, 14] for the benchmark models with m X = 1 keV and m a = 10 −22 eV, computed using WARMAND-FUZZY. 8 In linear theory, we have that R(k) is equal to the transfer function, T (k).
8 The power is shown out to k = 10 4 h Mpc −1 , however baryonic feedback is expected to become important at much lower wavenumbers. Thus, the spectra shown are a representation of the DM-only effects. Feedback can be included following e.g. the analytic models of M15 and MacCrann et al. (2015) , after matching to simulations.
At high-z, halo formation is greatly suppressed in both WDM and FDM compared to CDM, and linear theory provides a good description of R(k) near the cut-off. In the non-linear theory, the cutoff in power for both WDM and FDM is moved to larger wavenumbers (smaller scales), with this effect being more pronounced at low-z. At z = 0 the cut-off in k in both models is increased by approximately two orders of magnitude compared to linear theory.
Non-linear collapse removes some of the differences between WDM and FDM in the deeply non-linear regime. This is because the one-halo term, Eq. (A10), is an integrated quantity, erasing detailed dependence on the shape of the linear theory transfer function and the collapse barrier. However, there are still clear differences in the shape of R X (k) for WDM and FDM near the onset of the cutoff. This has significant implications for constraints to FDM from the Lyman-α forest flux power spectrum, which will be discussed in a companion paper. 
DISCUSSION
WARMANDFUZZY presents a simple, computationally fast, version of the halo model for FDM and WDM. It is built on the form of the halo model used in Mead et al. (2015) and given in Appendix A. Compared to the more comprehensive halo model of WDM by Smith & Markovic (2011); Schneider et al. (2012) , (see also Dunstan et al. 2011) , WARMANDFUZZY makes a number of approximations:
• Approximate two-halo term.
• Concentration relation assumed as for WDM.
• Clustering of the smooth component ignored.
• Halo density profiles assumed as for CDM.
• FDM with no self-interactions.
I now address the expected importance of each of these points in turn. All items on this list should strictly be investigated in dedicated simulations, as was done for WDM in, e.g., Schneider et al. (2012) . Accounting for all these effects, the halo model for WDM was found to give an absolute accuracy of ∼ 10% compared to simulations, and was able to predict the relative effect of WDM compared to CDM to within ∼ 5%, with the accuracy improving at high-k. There are no such simulations for FDM, so the accuracy of the WARMANDFUZZY for FDM is hard to assess quantitatively.
In addition, it should be noted that, as with ordinary N-body and related codes, 9 and applications of the halo model and cosmological perturbation theory, WARMANDFUZZY only applies in the non-relativistic limits of sub-horizon scales, small curvature, and, in the case of FDM, time and length scales long compared to 1/m a . Redshift z Figure 1 . Power ratios (Eq. 22) and power spectra for WDM and FDM computed using WARMANDFUZZY. The power ratios are compared to the linear theory (the transfer function), which is a good description at high-z. The power spectra are compared to CDM, which is a good description at low-k. Non-linear growth reduces the amount of power suppression relative to CDM at intermediate-k compared to linear theory. However, both WDM and FDM still display a marked suppression of power at high-k, and shape differences between the two models at intermediate-k.
Two-halo term: HMCODE approximates the two-halo term as proportional to the linear power spectrum, with an additional model for the damping in the quasi-linear regime fit to CDM simulations and emulators (see Eq. A5). The full two-halo term is given by
The functions F(M i ) and W (k, M i ) are, respectively, the HMF and the Fourier-transformed halo density profile, as defined in Appendix A. In Eq. (23) the bias in the halo-halo power, P hh (k), has been taken to be
where M 1 and M 2 are the halo masses. Given such a model, the bias can be fit from simulations. Smith & Markovic (2011) modelled the WDM bias to be the same for CDM and WDM. Schneider et al. (2012) observed that, for halo masses above the HMF cut-off, the WDM bias was well described by the CDM case. Thus, relative to the approximation used in WARMAND-FUZZY, the full two-halo term picks up additional k-dependence from the integrated effect of the HMF, density profiles, and bias. Without switching to the full two-halo term within WARMAND-FUZZY none of these effects can yet be modelled. The most important effect is likely due to c(M) in the quasi-linear regime, which I now discuss.
Concentration-mass relation: WARMANDFUZZY assumes the WDM concentration-mass relationship, c(M), of Bullock et al. (2001) ; Schneider et al. (2012) . This is assumed to be the same for WDM and FDM, depending only on the half-mode in each model, which is clearly an approximation that should be checked with simulation of FDM.
As mentioned above, the primary effect of modifying c(M) for WDM was to give a boost in the power on intermediate scales, giving better agreement with simulation. In WARMANDFUZZY a boost in power is seen using the modified c(M). However, the boost does not kick in until larger k compared to the model used in Schneider et al. (2012) , and is less pronounced (c.f. Fig. 2 , top left panel in this paper, and their Figs. 13 and 15 ). This is because part of the boost in power is due to the effect of c(M) in the full two-halo term, which is absent in WARMANDFUZZY, suggesting there is an error of around 10% in the absolute value of the power for 1 [k/(h Mpc −1 )] 10.
The use of the WDM c(M), and the absence of c(M) effects in the approximate two-halo term, are thus expected to be the major source of error in WARMANDFUZZY compared to the "true" power in simulations. Smooth component: In WDM and FDM models, due to the cut-off in the power, only a fraction, f h , of the total DM mass is contained in halos, and there can be a large smooth component. The smooth component of DM has linear clustering, cross correlation with the DM in halos, and its own bias. The smooth component modifies the total power to be
The formulae defining ∆ 2 ss (k) and ∆ 2 sh (k) in terms of the linear power, HMF, and bias can be found in Smith & Markovic (2011); Schneider et al. (2012) . Both depend on the linear power, and thus become sub-dominant to the one-halo term at large-k.
The fraction of DM in halos, f h , is given by
where f h is defined to be unity in a universe with perfectly hierarchical structure formation (i.e. for CDM). The cut-off in the HMF for WDM and FDM leads to f h < 1: the clustering of the smooth components contributes to the total power, and the importance of the two and one-halo terms in partially suppressed.
In the WDM halo models of Smith & Markovic (2011); Dunstan et al. (2011); Schneider et al. (2012) the power spectrum was shown always at z = 0 (with the exception of the lensing power, which is an integral) and it was generally concluded that the smooth component has a minor effect, since f h is close to unity at low redshift for the models considered.
However, the cut-off in the HMF leads to dramatic suppression of halo formation at high-z, with for example, no halos at all expected at z 10 and m a ≈ 10 −22 eV (Bozek et al. 2015; Schive et al. 2016) . Thus, at high-z, f h → 0 and the power should return to essentially linear (in particular, no one-halo term). This will significantly affect the shape of the absolute power spectrum at high z and k shown in the bottom row of Fig. 1 . However, this will have very little effect on the power ratio, since the suppression of the one-halo term is already large enough to send R(k) essentially to zero on a linear scale.
Interestingly, a prescription to send the power to linear when the typical fluctuation is small, σ < 1, is built in to the form of HALOFIT (Smith et al. 2003 ) used in CAMB. While this is done for computational simplicity in models of CDM, it has some relation to the physical role of f h for FDM and WDM. One possible observational consequence is for the CMB lensing power spectrum in mixed DM models with low m a/X , where f h can be close to zero near the peak of the lensing kernel at lower z ≈ 2. Another possible consequence is for the 21cm power in the dark ages.
In summary, WARMANDFUZZY does not model the smooth component. This implies that the power at high-z is expected to be much closer to the linear power, with no one-halo term. Including the smooth component in WARMANDFUZZY is left for future work.
Halo density profiles: The halo model in WARMAND-FUZZY employs the NFW halo profile, Eq. (A17). WDM and FDM halos are expected to deviate from the NFW profile. This is partially captured in CDM-like N-body simulations, where profiles may be slightly flattened due to the different formation history caused by the truncated initial power (e.g Dunstan et al. 2011; Colín et al. 2000; Avila-Reese et al. 2001) , though the importance of this effect depends on simulation resolution (e.g. Schneider et al. 2012) .
However, larger effects occur on smaller scales, where WDM and FDM deviate from standard N-body treatments. These effects lead to the formation of density cores on small scales r core 1 kpc.
For WDM the cores are formed due to the thermal velocities and fine grained phase space (Tremaine & Gunn 1979) . By computing the phase space density, the core size in a halo can then be calculated, and added to the halo model (as in Smith & Markovic 2011) or to simulations (Macciò et al. , 2013 Shao et al. 2013) .
For FDM, cores are formed due to the de Broglie wavelength in the underlying scalar wave equation (the so-called "quantum pressure"). This leads to the formation of stable solitonic cores in halos (e.g. Ruffini & Bonazzola 1969; Seidel & Suen 1991) , which are found in full cosmological simulations (Schive et al. 2014a ). Such cores can be modelled analytically in a variety of ways (e.g. Marsh & Silk 2014; Marsh & Pop 2015) .
Deviations of the WDM and FDM density profiles from CDM are not expected to have large effects on the power spectrum computed by WARMANDFUZZY on observable scales. This was shown to be true for WDM by Smith & Markovic (2011) , where cores were estimated to affect the power spectrum by less than 1% for wavenumbers k < 100 h Mpc −1 and m X > 0.25 keV. For FDM, the core-halo mass relationship leads to larger cores than for WDM with a similar power spectrum cut-off (Schive et al. 2014b; Marsh & Silk 2014; Marsh & Pop 2015) , so the effect of cores on the power spectrum could be larger. Incorporating modifications to the simple NFW profile into WARMANDFUZZY is left as a topic for future work, but for the power spectrum on observable scales the effects are expected to be small. FDM self-interactions: WARMANDFUZZY essentially assumes that FDM is described by the scalar potential V (φ ) = m 2 a φ 2 /2, with the field coherently oscillating about the potential minimum. The results for the power spectrum should not depend too drastically on this assumption: any field coherently oscillating in a quadratic minimum will behave as matter on large scales (Turner 1983) , and experience acoustic oscillations on small scales (Khlopov et al. 1985) . Thus, the large-field behaviour of the potential is not expected to affect the linear transfer function much.
Self-interactions may have larger effects on spherical collapse, changing the shape of G (M). As already noted, the exact shape of G (M) does not have much effect on the halo model, and in addition WARMANDFUZZY fits to the linear growth in m 2 a φ 2 , and so selfinteractions are not expected to be important here either.
FDM self interactions can have large effects on the halo density profile, for example distinguishing between axions, with attractive interactions, and other scalars, with repulsive interactions (e.g. Chavanis 2011; Chavanis & Delfini 2011; Guth et al. 2015) . However, as already noted, halo density profiles beyond NFW are not modelled in WARMANDFUZZY and are expected to have only small effects on the power spectrum. Extending WAR-MANDFUZZY beyond m 2 a φ 2 is left for future work. Qualitative results of WARMANDFUZZY at high-k, and quantitative results in the quasi-linear regime, are expected to apply to all models of scalar field/axion DM with matter-like oscillations about a quadratic potential minimum.
CONCLUSIONS
In conclusion, WARMANDFUZZY is a simple and fast way to compute the non-linear power spectrum using the halo model for the popular WDM and FDM models. The computation is based on HMCODE by Mead et al. (2015) , though WARMANDFUZZY does not by default use the additional tunings of HMCODE. WAR-MANDFUZZY is expected to be quantitatively correct at the O(10%) level for k 10 2 h Mpc −1 , and possibly on smaller scales. Results at very high k are indicative of general behaviour only. Future work will involve testing WARMANDFUZZY against the appropriate simulations (N-body or otherwise), and refining the model further. Particular refinements will be to improve the twohalo term and concentration mass relationship, which will improve accuracy in the quasi-linear regime, and to include modified halo density profiles, for physical completeness. Including the clustering of the smooth component of FDM and WDM will have considerable effects on the power at large z 8.
Companion papers are in preparation, which will apply the results of WARMANDFUZZY to the Lyman-α forest flux power spectrum, the CMB lensing power spectrum, and other observables.
WARMANDFUZZY is publicly available at https:// github.com/DoddyPhysics/HMcode, and collaboration on development is welcomed.
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where α is fit from simulations as α = 2.93 × 1.77 n eff , with n eff the effective index of the linear power spectrum variance at the nonlinear scale:
In the simplest case, the two-halo term can be approximated by the linear-theory power:
I discussed the linear theory power and growth for CDM, FDM, and WDM, in Section 2. In Section 3, I discussed the effects of approximating the two-halo term this way. Linear theory over predicts the z = 0 power on quasi-linear scales. M15 modifies the two-halo term with the inclusion of an additional damping term. The model for the damping is predicted from perturbation theory (Crocce et al. 2006) , and trucated at quadratic order to best-fit simulations:
The damping scale is the linear displacement variance
The parameter f 2H is fit in M15 as f 2H = 0.188[σ 8 (z)] 4.29 , where σ 8 is the linear power spectrum normalisation on 8 h −1 Mpc scales, as usually defined. The one-halo term is given by the convolution in halo-mass space of the HMF with the halo density profile:
is the mean cosmic matter density. The window function, W (k, M), is defined by the normalised Fourier transform of the halo density profile, ρ halo (r, M):
where r v is the halo virial radius (defined in this context below). The HMF, F(M) ≡ dn/dm, with dn the comoving halo number density, is defined by (Press & Schechter 1974) :
In the excursion set formalism (Bond et al. 1991 ) the function f (ν) is the first crossing statistic for random walks, which is universal for a given barrier shape. The variable ν expresses the ratio between the variance of matter fluctuations on scale M, σ (M), to the "critical barrier for collapse," δ crit :
In the standard halo model, σ (M) is taken at redshift z = 0, and redshift evolution is included in the barrier, which is assumed massindependent. I take the universal mass function, f (ν), from Sheth & Tormen (1999) :
with A = 0.322, a = 0.707, p = 0.3. Section 2.2 discusses how I modify the mass function in the case of a mass-dependent barrier.
Note that Eq. (A14) can be derived for an ellipsoidal barrier (Sheth et al. 2001) . In HMCODE δ 0 crit is given an additional, mild, cosmology and redshift dependence in the fit to simulations for CDM:
M15 modifies the one-halo term with a damping-term to prevent it dominating over the linear power on largest scales, and an additional parameter η > 0(< 0) that increases (decreases) power due to "puffed up" higher-mass halos:
The damping scale, k = 0.584σ
V (z), and η = 0.603 − 0.3σ 8 (z). The final ingredient in the halo model is the halo density profile, ρ halo (r, M). In WARMANDFUZZY, I treat WDM and FDM halos exactly as CDM halos (see Section 3 for discussion on this approximation), with the halo density profile given by the usual NFW profile:
where r s is the scale radius of the halo and ρ N is a normalisation used to fix the halo mass, M, via the spherical integral of the density profile. The mass is fixed using an overdensity threshold, ∆ V , at which the profile is truncated, and which defines the virial radius, r V from the enclosed mean density:
The limitations of using the NFW profile to describe FDM and WDM in the halo model are discussed in Section 3. The halo concentration, c, is defined as the ratio of the virial radius to the scale radius of the halo, c ≡ r V /r s . Therefore, once an overdensity threshold, ∆ V , has been set, there is a single free function that defines all NFW halos: the concentration-mass relationship, c(M). WARMANDFUZZY sets ∆ V = 200. M15 uses the fit:
The concentration-mass relationship used in M15 is taken from Bullock et al. (2001) and Dolag et al. (2004) :
where A = 3.13 is normalised from simulation, z f (M) is the formation redshift of a halo with mass M, and D X (z) is the usual linear theory growth function in cosmology X normalised such that D X (0) = 1. 11 Variation of the growth function in FDM and WDM is absorbed in the barrier function, as discussed in Section 2.2. The halo formation redshift is defined by the redshift at which a fraction f coll of mass has collapsed into the halo. Bullock et al. (2001) simplify the NFW relation with a model that better fits simulations: 12
When Eq. (A21) is inverted to find z f , if it is found that z f < z, i.e. halo formation "in the future," then HMCODE sets c = A above. The value f coll = 0.01 is fit from simulations. The c(M, z) relationship used in WARMANDFUZZY uses the fitting formula Eq. (20) of Schneider et al. (2012) , which uses the CDM linear variance as input, and not the linear variance for WDM or FDM.
APPENDIX B: MODIFICATIONS TO HMCODE
WARMANDFUZZY is a modification of HMCODE (presented in M15) and is written in FORTRAN90. It should compile with most standard compilers, and does not need to be pointed to any libraries. I compile with GFORTRAN. Most major modifications in WAR-MANDFUZZY are commented beginning "WFcode."
Two binary parameters, IFDM= 0, 1, and IWDM= 0, 1, are used to turn on and off FDM and WDM treatments respectively. They cannot be used together, so at least one of these parameters must be set to zero.
The FDM mass is given in units of 10 −22 eV, and the WDM mass is given in units of keV. WARMANDFUZZY is not tested or expected to be reliable for very small values of these parameters, where FDM or WDM start to affect matter-radiation equality. The code will stop if either mass is less than 10 −2 in the given units. In any case, masses lower than this for the dominant DM component are inconsistent with observations of e.g. the CMB.
As discussed in Section 2, FDM and WDM are implemented in WARMANDFUZZY with three separate pieces: modifications to the linear-theory transfer function, modifications to the collapse barrier, and modifications to the concentration-mass relationship. The modification to the linear transfer function is always used. The other modifcations can be implemented separately, using the parameters IBARRIER= 0, 1 and ICONC= 0, 1. Setting either parameter to zero turns off that modification.
With ICONC= 0 the c(M) relationship is that of Bullock et al. (2001) with the appropriate linear variance (for WDM this is the same as the one used by Smith & Markovic 2011) . When ICONC= 1, one must compute c CDM (M) in order to use Eq. (20) . This requires a number of extra functions and data structures to be set up inside WARMANDFUZZY that hold the CDM results.
HMCODE and WARMANDFUZZY have an in-built minimum halo mass, M min . In testing it was found that, with IBARRIER= 1, results become unstable if the minimum halo mass is set to be too small, as integrations need to extrapolate the HMF far below the cut-off. If IBARRIER= 1, the minimum halo mass in WAR-MANDFUZZY is changed from its default value of 10 2 h −1 M to 10 −1 × M J , where M J is the Jeans mass defined by the fit for G X (M). This should provide accurate results, since the HMF is cut off strongly at M J , with the minimum not affecting the overall value of the integral.
HMCODE includes several modifications to the basic halo model, as described above and in Table 2 in M15 (in this paper, 12 Note that I have cancelled one factor of the linear growth relative to that in M15. Note also that the FDM halo model in Marsh & Silk (2014) Eqs. A15, A5, A8, A16, A19). These are turned on and off with IMEAD= 0, 1. The two modifications of M15 and WARMAND-FUZZY can be used together, but it should be noted that the parameters of the IMEAD modifications are tuned to simulations with CDM (+massive neutrinos and/or modified gravity). The principles of the basic halo model should be generally applicable to the beyond-CDM models of WARMANDFUZZY. The modifications for FDM and WDM are physically motivated, but are not tuned to non-linear simulation results for ∆ 2 m (k). Such tuning is welcomed as ongoing work or contribution to WARMANDFUZZY. Therefore, I advise using the setting IMEAD= 0 for WDM and FDM. In particular, the results shown in Fig. 1 were computed with IMEAD= 0. It was noticed in testing that IMEAD= 1 gave excess power to WDM/FDM over CDM models near the cut-off at intermediate redshifts, which appears broadly inconsistent with simulations.
The final technicality of WARMANDFUZZY compared to HMCODE arises form the difference between Eq. (10) and Eq. (A12): with a mass-dependent barrier, σ and δ crit are independent variables. HMCODE changes variables in the one-halo integral, Eq. (A10), to integrate over ν. However, according to Eq. (10), the change of variables in the case of a mass-dependent barrier should really be to an integral over σ . Hence, WARMAND-FUZZY does the integral over σ . I verified that the change of variables does not lead to numerical errors in the CDM case (where the integrals are analytically equivalent). Explicitly, the one-halo integral in WARMANDFUZZY is given by (without the additional fits of M15)
where σ min and σ max are set by M min and M max and
withÃ = 0.2162, a = 0.707, p = 0.3.
